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Abstract
In this paper, we study the algebraic properties of the higher analogues of Courant algebroid
structures on the direct sum bundle TM ⊕ ∧nT ∗M for an m-dimensional manifold. As an
application, we revisit Nambu-Poisson structures and multisymplectic structures. We prove
that the graph of an (n+1)-vector field pi is closed under the higher-order Dorfman bracket iff
pi is a Nambu-Poisson structure. Consequently, there is an induced Leibniz algebroid structure
on ∧nT ∗M . The graph of an (n+1)-form ω is closed under the higher-order Dorfman bracket
iff ω is a premultisymplectic structure of order n, i.e. dω = 0. Furthermore, there is a Lie
algebroid structure on the admissible bundle A ⊂ ∧nT ∗M . In particular, for a 2-plectic
structure, it induces the Lie 2-algebra structure given in [3].
1 Introduction
The notion of Courant algebroid was introduced in [15] to study the double of Lie bialgebroids.
Equivalent definition was given by Roytenberg [19]. In resent years, Courant algebroids have been
far and wide studied from several aspects and have been found many applications in the theory of
Manin pairs and moment maps [1, 14]; generalized complex structures [10, 24]; L∞-algebras and
symplectic supermanifolds [19]; gerbes as well as BV algebras and topological field theories.
Roughly speaking, a Courant algebroid is a vector bundle together with a nondegenerate sym-
metric pairing, a bracket operation and an anchor map such that some compatible conditions are
satisfied. The standard Courant algebroid is the direct sum bundle TM ⊕ T ∗M . The standard
Courant bracket is given by
JX + α, Y + βK = [X,Y ] + LXβ − LY α+
1
2
(diY α− diXβ).
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However, many experts know that on the direct sum bundle TM ⊕∧nT ∗M , there is also a similar
bracket operation, which we call the higher-order Courant bracket. But the nature of its full
algebraic structures remains a work in progress. The main purpose of this paper is to study its
properties. We proved that the Jacobi identity holds up to an exact term. Moreover, we can
also introduce the Dorfman bracket {·, ·} which is not skew-symmetric. It follows that (TM ⊕
∧nT ∗M, {·, ·}, ρ) is a Leibniz algebroid, where ρ is the projection to TM . As an application, we
revisit Nambu-Poisson structures and multisymplectic structures.
Nambu-Poisson structures were introduced in [25] by Takhtajan in order to find an axiomatic
formalism for Nambu-mechanics which is a generalization of Hamiltonian mechanics [5, 4]. The
local and global structures of a Nambu-Poisson manifold were studied in [12, 16, 17]. It was further
studied by Grabowski and Marmo [9]. In [13], the authors proved that associated to a Nambu-
Poisson structure1 of order n, their is a bracket operation on ∧nT ∗M such that it is a Leibniz
algebroid. However, we do not think it is the best bracket that make ∧nT ∗M to be a Leibniz
algebroid. We find that pi is a Nambu-Poisson structure of order n if and only if the graph of pi is
closed under the higher-order Dorfman bracket operation {·, ·}. Consequently, there is an induced
bracket operation [·, ·]π on ∧nT ∗M ,
[α, β]π = Lπ♯(α)β − Lπ♯(β)α+ diπ♯(β)α,
such that (∧nT ∗M, [·, ·]π, ρ) is a Leibniz algebroid, where ρ is the projection to TM . In particular,
if n = 1, we recover the cotangent bundle Lie algebroid.
In [3], Baez, Hoffnung and Rogers introduced a hemi-bracket and a semi-bracket on the set of
Hamiltonian (n − 1)-forms associated to a multisymplectic structure of order n, or equivalently,
an n-plectic structure2. In particular, one can obtain a Lie 2-algebra for a 2-plectic structure.
Recently, several aspects of the theory have been studied in depth [18, 26]. In this paper, we
introduce a Lie bracket on admissible n-forms. Since admissible n-forms are sections of a vector
bundle A ⊂ ∧nT ∗M , we obtain a Lie algebroid. We also show that how one can obtain Baez’s
semi-bracket and hemi-bracket on Hamiltonian (n− 1)-forms from our Lie algebroid. The relation
between n-plectic structures and the Leibniz algebroid (TM ⊕ ∧nT ∗M, {·, ·}, ρ) is also discussed.
The paper is organized as follows. In Section 2 we study the algebraic properties of the higher-
order Courant bracket J·, ·K and the higher-order Dorfman bracket {·, ·} on the direct sum bundle
TM ⊕ ∧nT ∗M . We prove that the Jacobi identity of J·, ·K holds up to an exact term and the
triple (TM ⊕ ∧nT ∗M, {·, ·}, ρ) is a Leibniz algebroid. In Section 3 we study the relation between
Nambu-Poisson structures and the higher-order Dorfman bracket. There is an induced Leibniz
algebroid structure on ∧nT ∗M associated to a Nambu-Poisson structure. In Section 4 we revisit
multisymplectic structures and construct a Lie algebroid, whose sections are admissible n-forms.
Acknowledgement: We give warmest thanks to Zhangju Liu and Chenchang Zhu for useful
discussion. We also thank the referees for very helpful comments.
2 Higher-order Courant brackets
In this section, we consider the higher-order Courant brackets on the direct sum bundle
T n , TM ⊕ ∧nT ∗M
and associated properties. There is a natural ∧n−1T ∗M -valued nondegenerate symmetric pairing
(·, ·) on it,
(X + α, Y + β) =
1
2
(iXβ + iY α), ∀ X,Y ∈ X(M), α, β ∈ Ωn(M). (1)
1it is an (n + 1)-vector field satisfying some integrability conditions
2it is an (n + 1)-form which is closed and nondegenerate
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The higher-order Courant bracket J·, ·K on the section space of T n is defined as follows,
JX + α, Y + βK = [X,Y ] + LXβ − LY α+
1
2
(diY α− diXβ). (2)
Obviously, it is skew-symmetric. When n = 0, we obtain the Lie algebroid TM ×R. When n = 1,
it is exactly the standard Courant bracket [15, 19]. Let ρ : T n −→ TM be the projection, i.e.
ρ(X + α) = X, ∀ X + α ∈ Γ(T n). (3)
We call (T n, (·, ·) , J·, ·K , ρ) the higher analogues of Courant algebroids.
Remark 2.1. In [20], Roytenberg and Weinstein proved that a Courant algebroid gives rise to a
2-term L∞-algebra. However, as proposed in Section 3.8 in [10], the nature of the full algebraic
structures for all TM ⊕ ∧nT ∗M remains a work in progress. For more details about generalized
complex structures of Courant-Jacobi algebroids, see [22]
The higher-order Courant bracket satisfies some similar properties as the Courant bracket.
Theorem 2.2. For any e1, e2, e3 ∈ Γ(T n), f ∈ C∞(M), ξ ∈ Ωn−1(M), we have
(i). Je1, Je2, e3KK + c.p. = dT (e1, e2, e3), where T : ∧3T n −→ ∧n−1T ∗M is defined by
T (e1, e2, e3) = −
1
3
(
〈Je1, e2K , e3〉+ c.p.
)
.
(ii). Je1, fe2K = f Je1, e2K + ρ(e1)(f)e2 − df ∧ (e1, e2).
(iii). ρ Je1, e2K = [ρ(e1), ρ(e2)].
(iv). Lρ(e1)(e2, e3) = (Je1, e2K + d(e1, e2), e3) + (e2, Je1, e3K + d(e1, e3)).
The properties (i)−(iii) are the same as the ones for Courant algebroids. However, the property
(iv) is different since the Lie derivation is involved in.
Remark 2.3. The proof of this theorem needs some computation. In the following, we will intro-
duce the higher order Dorfman bracket (see (4)), which will be used more often since it satisfies
better properties (Theorem 2.5). To avoid repeat, we only give the proof of Theorem 2.5.
We can also introduce the following higher-order Dorfman bracket,
{e1, e2} = Je1, e2K + d(e1, e2), ∀ e1, e2 ∈ Γ(T n). (4)
When n = 1, it is exactly the Dorfman bracket. Assume that e1 = X + α, e2 = Y + β, we have
{X + α, Y + β} = [X,Y ] + LXβ − LY α+ diY α. (5)
It is obvious that
{X + α,X + α} = d(X + α,X + α) = diXα.
Leibniz algebroids are generalizations of Lie algebroids.
Definition 2.4. [13] A Leibniz algebroid structure on a vector bundle E −→ M is a pair that
consists of a Leibniz algebra structure {·, ·} on the section space Γ(E) and a vector bundle morphism
ρ : E −→ TM , called the anchor, such that the following relations are satisfied:
(1) ρ{X,Y } = [ρ(X), ρ(Y )], ∀ X,Y ∈ Γ(E);
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(2) {X, fY } = f [X,Y ] + ρ(X)(f)Y, ∀ f ∈ C∞(M).
If the bracket {·, ·} is skew-symmetric, we recover the notion of Lie algebroids.
The higher-order Dorfman bracket also satisfies similar properties as the usual Dorfman bracket.
Theorem 2.5. (1). For any e1, e2 ∈ Γ(T n), f ∈ C∞(M), we have
{e1, fe2} = f{e1, e2}+ ρ(e1)(f)e2,
{fe1, e2} = f{e1, e2} − ρ(e2)(f)e1 + df ∧ 2(e1, e2).
(2). The Dorfman bracket {·, ·} is a Leibniz bracket, i.e. for any e1, e2, e3 ∈ Γ(T n),
{e1, {e2, e3}} = {{e1, e2}, e3}+ {e2, {e1, e3}}.
Consequently, (T n, {·, ·}, ρ) is a Leibniz algebroid.
(3). The pairing (1) and the higher-order Dorfman bracket is compatible in the following sense,
Lρ(e1) (e2, e3) = ({e1, e2}, e3) + (e2, {e1, e3}) . (6)
Proof. (1). Write e1 = X + α, e2 = Y + β, where X,Y ∈ X(M) and α, β ∈ Ω1(M), then we have
{X + α, f(Y + β)} = [X, fY ] + LXfβ − ifY dα
= f [X,Y ] +X(f)Y + fLXβ +X(f)β − fiY dα
= f{X + α, Y + β}+X(f)(Y + β).
Similarly, we can obtain the expression of {fe1, e2} as in the theorem.
(2). Write e3 = Z + γ, where Z ∈ X(M) and γ ∈ Ω1(M), by straightforward computations, we
have
{X + α, {Y + β, Z + γ}} = [X, [Y, Z]] + LXLY γ − LXLZβ + LXdiZβ − L[Y,Z]α+ di[Y,Z]α,
{{X + α, Y + β}, Z + γ} = [[X,Y ], Z] + L[X,Y ]γ − LZLXβ + LZLY α− LZdiY α
+diZLXβ − diZLY α+ diZdiY α,
{Y + β, {X + α,Z + γ}} = [Y, [X,Z]] + LY LXγ − LY LZα+ LY diZα− L[X,Z]β + di[X,Z]β.
Thus we only need to show that
LXdiZβ + di[Y,Z]α = LY diZα+ di[X,Z]β − LZdiY α+ diZLXβ − diZLY α+ diZdiY α,
which is equivalent to that
LXdiZβ = di[X,Z]β + diZLXβ,
di[Y,Z]α = LY diZα+−LZdiY α− diZLY α+ diZdiY α.
It is straightforward to see that they follow from the Cartan formula LX = iX ◦ d+ d ◦ iX and
d ◦ LX = LX ◦ d,
i[X,Y ]α = iXLY α− LY iXα = −(iY LXα− LXiY α).
At last, ρ{X + α, Y + β} = [X,Y ] is obvious. Therefore, (TM ⊕ ∧nT ∗M, {·, ·}, ρ) is a Leibniz
algebroid.
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(3). With the same notations as above, the left hand side of (6) is equal to
1
2
LXiY γ +
1
2
LXiZβ.
The right hand side is equal to
1
2
(i[X,Y ]γ + iZLXβ + iY LXγ + i[X,Z]β).
The conclusion follows from
i[X,Y ] = LXiY − iY LX .
This finishes the proof.
Remark 2.6. Recently several generalized Courant algebroid structures are introduced such as E-
Courant algebroids [7] and Loday algebroids [23]. E-Courant algebroids were introduced to unify
Courant-Jacobi algebroids and omni-Lie algebroids [6]. In an E-Courant algebroid, the pairing
takes value in a vector bundle E and the target of the anchor is the covariant differential operator
bundle DE. Since the pairing in T n is ∧n−1T ∗M -valued, we expect it to be a ∧n−1T ∗M -Courant
algebroid. Unfortunately this is not true since the composition of the Lie derivation and ρ is not a
bundle map. In a Loday algebroid, the compatibility condition between the pairing and the bracket
is removed. Since the pairing in T n takes value in ∧n−1T ∗M , it fails to be a Loday algebroid. It
is a future work to pursue the geometry behind this higher-order bracket.
The standard Courant bracket can be deformed by a closed 3-form [21]. Similarly, consider the
following deformed Dorfman bracket of order n by an (n+ 2)-form Θ,
{X + α, Y + β}Θ = [X,Y ] + LXβ − LY α+ diY α+ iX∧YΘ. (7)
Similar as the classical case, we have
Proposition 2.7. The deformed bracket {·, ·}Θ satisfies the Leibniz rule iff Θ is closed.
For any Φ ∈ Ωn+1(M), define eΦ : T n −→ T n by
eΦ(X + α) = X + α+ iXΦ.
It is straightforward to obtain
Proposition 2.8. For any X + α, Y + β ∈ Γ(T n), we have
eΦ{X + α, Y + β}dΦ = {eΦ(X + α), eΦ(Y + β)}.
Consequently, eΦ is an isomorphism from the Leibniz algebroid (T n, {·, ·}dΦ, ρ) to the Leibniz alge-
broid (T n, {·, ·}, ρ).
Furthermore, it is obvious that for any differeomorphism f ∈ Diff(M), (f∗, f∗
−1) : T n −→ T n
is an automorphism preserving the higher-order Dorfman bracket {·, ·}. By Proposition 2.8, if an
(n+1)-form Φ is closed, eΦ is also an automorphism preserving the higher-order Dorfman bracket
{·, ·}. Similar as the classical case, we have
Theorem 2.9. The group of orthogonal automorphisms of T n preserving the higher-order Dorfman
bracket {·, ·} is the semidirect product of Diff(M) and Ωn+1c (M), where Ω
n+1
c (M) is the set of closed
(n+ 1)-forms.
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We omit the proof which is similar as the proof of Proposition 3.24 in [10].
In the classical case, Dirac structures of the Courant algebroid TM ⊕T ∗M unify both presym-
plectic structures and Poisson structures. More precisely, the graph of a 2-form ω ∈ Ω2(M) is a
Dirac structure iff ω is closed and the graph of a 2-vector field pi ∈ X2(M) is a Dirac structure iff pi
is a Poisson structure. Here a Dirac structure means a maximal isotropic subbundle whose section
space is closed under the Courant bracket. See [8] for more details.
In the higher-order case, similarly we have that the graph of an (n + 1)-form is closed under
the higher-order Courant bracket iff ω is a premultisymplectic structure, i.e. dw = 0. The graph
of an (n + 1)-vector field is closed under the higher-order Courant bracket iff pi is a Nambu-
Poisson structure. However, the graph of an (n + 1)-vector field is not isotropic, thus we can
not talk about Dirac structures. In [11], the author introduced Nambu Dirac structures to unify
both the structures. In the following two sections, we will study Nambu-Poisson structures and
multisymplectic structures respectively.
3 Nambu-Poisson structures
A Poisson structure on an m-dimensional smooth manifold M is a bilinear skew-symmetric map
{·, ·} : C∞(M) × C∞(M) −→ C∞(M) such that the Leibniz rule and the Jacobi identity are
satisfied. It is well known that it is equivalent to a bivector field pi ∈ ∧2X(M) such that [pi, pi] = 0.
The relation is given by {f, g} = pi(df, dg). We usually denote a Poisson manifold by (M,pi). For
any σ ∈ Xn+1(M)) and θ ∈ Ωn+1(M)), σ♯ : ∧nT ∗M −→ TM and θ♯ : TM −→ ∧nT ∗M are given
by
σ♯(ξ) = iξσ, θ♯(X) = iXθ, ∀ ξ ∈ Ωn(M), ∀ X ∈ X(M).
Denote by Gσ ⊂ TM ⊕ ∧nT ∗M (resp. Gθ) the graph of σ♯ (resp. θ♯).
For a Poisson manifold (M,pi), there is a skew-symmetric bracket operation [·, ·]π on 1-forms
which is given by
[α, β]π = Lπ♯(α)β − Lπ♯(β)α+ diπ♯(β)α, ∀ α, β ∈ Ω
1(M). (8)
It follows that (T ∗M, [·, ·]π, pi♯) is a Lie algebroid. Also we have [df, dg]π = d{f, g}.
Definition 3.1. [25] A Nambu-Poisson structure of order n on M is an (n + 1)-linear map
{·, · · · , ·} : C∞(M)× · · · × C∞(M) −→ C∞(M) satisfying the following properties:
(1) skewsymmetry, i.e.
{f1, · · · , fn+1} = (−1)
|σ|{fσ(1), · · · , fσ(n+1)},
for all f1, · · · , fn+1 ∈ C
∞(M) and σ ∈ Symm(n+ 1);
(2) the Leibniz rule, i.e. for any g ∈ C∞(M), we have
{f1g, · · · , fn+1} = f1{g, · · · , fn+1}+ g{f1, · · · , fn+1};
(3) integrability condition:
{f1, · · · , fn, {g1, · · · , gn+1}} =
n+1∑
i=1
{g1, · · · , {f1, · · · , fn, gi}, · · · , gn+1}.
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In particular, a Nambu-Poisson structure of order 1 is exactly a usual Poisson structure. Similar
as the fact that a Poisson structure is determined by a bivector field, a Nambu-Poisson structure
of order n is determined by an (n+ 1)-vector field pi ∈ Xn+1(M) such that
{f1, · · · , fn+1} = pi(df1, · · · , dfn+1).
An (n+ 1)-vector field pi ∈ Xn+1(M) is a Nambu-Poisson structure if and only if for f1, · · · , fn ∈
C∞(M), we have
Lπ♯(df1∧···∧dfn)pi = 0.
Lemma 3.2. Let pi ∈ Xn+1(M) be a Nambu-Poisson structure, the following two statements are
equivalent:
(i) The graph of pi♯ is closed under the higher-order Courant bracket operation (2);
(ii) The graph of pi♯ is closed under the higher-order Dorfman bracket operation (5).
Proof. By (4), we only need to prove that
pi♯(d(iπ♯(α)β + iπ♯(β)α)) = pi
♯(Lπ♯(α)β − iπ♯(α)dβ + Lπ♯(β)α− iπ♯(β)dα) = 0,
for any α, β ∈ Ωn(M). The conclusion follows from the following two formulas:
pi♯(Lπ♯(α)β) = [pi
♯(α), pi♯(β)] + (−1)n(idαpi)pi♯(β);
pi♯(iπ♯(α)dβ) = (−1)
n(idβpi)pi♯(α).
The proof is finished.
Theorem 3.3. Let pi be an (n+1)-vector field, the graph Gπ ⊂ T n is closed under the higher-order
Dorfman bracket {·, ·} iff pi is a Nambu-Poisson structure.
Proof. We have
{pi♯(α) + α, pi♯(β) + β} = [pi♯(α), pi♯(β)] + Lπ♯(α)β − Lπ♯(β)α+ diπ♯(β)α.
Thus the graph Gπ is closed iff
[pi♯(α), pi♯(β)] = pi♯(Lπ♯(α)β − Lπ♯(β)α+ diπ♯(β)α)
= pi♯(Lπ♯(α)β − iπ♯(β)dα).
On the other hand, we have
[pi♯(α), pi♯(β)] = Lπ♯(α)〈β, pi〉
= 〈Lπ♯(α)β, pi〉+ 〈β, Lπ♯(α)pi〉.
Therefore, by the equality
pi♯(Lπ♯(α)β − iπ♯(β)dα) = [pi
♯(α), pi♯(β)],
we have
〈Lπ♯(α)pi, β〉 = −pi
♯(iπ♯(β)dα).
Let α = df1 ∧ · · · ∧ dfn, then dα = 0. Thus for any n-form β, we have
〈Lπ♯(df1∧···∧dfn)pi, β〉 = 0,
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which implies that
Lπ♯(df1∧···∧dfn)pi = 0,
i.e. pi is a Nambu-Poisson structure of order n.
Conversely, if pi is a Nambu-Poisson structure of order n, by the local expression of pi [12, 16, 17],
at any point x ∈M satisfying pi(x) 6= 0, we can choose a local coordinates (x1, · · · , xn+1, · · · , xm)
around x such that
pi =
∂
∂x1
∧ · · · ∧
∂
∂xn+1
.
Then it is not hard to see that the graph Gπ is closed under the higher-order Dorfman bracket.
Corollary 3.4. Let pi be a Nambu-Poisson structure of order n.
(1). The graph Gπ ⊂ T n is a sub-Leibniz algebroid of the Leibniz algebroid (T n, {·, ·}, ρ).
(2). There is an induced bracket operation [·, ·]π on Ωn(M),
[α, β]π = Lπ♯(α)β − Lπ♯(β)α+ diπ♯(β)α, (9)
which is a natural generalization of the bracket given by (8). Consequently, (∧nT ∗M, [·, ·]π , pi♯)
is a Leibniz algebroid.
In the following, we prove that there is also a Leibniz algebra (Ωn−1(M), {·, ·}π) associated to
any Nambu-Poisson structure pi of order n.
For any ξ, η ∈ Ωn−1(M), we have
[dξ, dη]π = Lπ♯dξdη = dLπ♯(dξ)η.
Define the bilinear bracket {·, ·}π on Ωn−1(M) by
{ξ, η}π = Lπ♯(dξ)η. (10)
Obviously we have
[dξ, dη]π = d{ξ, η}π. (11)
Theorem 3.5. Let pi be a Nambu-Poisson structure of order n. Then (Ωn−1(M), {·, ·}π) is a
Leibniz algebra. In particular, if n = 1, (C∞(M), {·, ·}π) is the canonical Poisson algebra.
Proof. First by (11), we have
pi♯dLπ♯(dξ)η = pi
♯d{ξ, η}π = pi♯[dξ, dη]π .
The fact that (∧nT ∗M, [·, ·]π , pi♯) is a Leibniz algebroid yields that
pi♯dLπ♯(dξ)η = [pi
♯(dξ), pi♯(dη)].
Thus we have
{ξ, {η, γ}π}π − {{ξ, η}π, γ}π − {η{ξ, γ}π}π
= Lπ♯(dξ)Lπ♯(dη)γ − Lπ♯(dL
π♯(dξ)
η)γ − Lπ♯(dη)Lπ♯(dξ)γ
= L[π♯(dξ),π♯(dη)]γ − Lπ♯(dL
π♯(dξ)
η)γ
= 0,
which implies that (Ωn−1(M), {·, ·}π) is a Leibniz algebra. The other conclusion is obvious and
the proof is completed.
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Remark 3.6. In [13], the authors introduced a bracket operation [·, ·]π : Ωn(M) × Ωn(M) −→
Ωn(M) associated with a Nambu-Poisson structure pi of order n by setting
[α, β]π = Lπ♯(α)β + (−1)
n+1(idαpi)β. (12)
This bracket is not skew-symmetric. However, the Leibniz rule is satisfied, i.e.
[α, [β, γ]π ]π = [[α, β]π , γ]π + [β, [α, γ]π ]π.
Furthermore, we have
pi♯[α, β]π = [pi♯(α), pi♯(β)].
It follows that (∧nT ∗M, [·, ·]π , pi♯) is a Leibniz algebroid.
It is obvious that the bracket [·, ·]π given by (9) and the bracket [·, ·]π given by (12) are not the
same even though both of them define Leibniz algebroid structures on ∧nT ∗M . By the equalities
pi♯[α, β]π = [pi♯(α), pi♯(β)] pi♯[α, β]π = [pi
♯(α), pi♯(β)],
we have
pi♯([α, β]π − [α, β]π) = 0.
However, we believe that our bracket (9) is much more reasonable since it is induced from the
higher-order Courant bracket (5) and it is also a generalization of (8).
4 Multisymplectic structures
Definition 4.1. An (n+1)-form ω on a smooth manifold M is a multisymplectic structure of order
n, or an n-plectic structure if it is closed (dω = 0) and nondegenerate:
iXω = 0⇒ X = 0, ∀ X ∈ TmM, m ∈M.
If ω is an n-plectic structure on M , we call the pair (M,ω) an n-plectic manifold.
Remove the nondegenerate condition, we get premultisymplectic structures. About more details
about multisymplectic structures, please see [3] and the references there.
Theorem 4.2. Let ω be an (n + 1)-form, the graph Gω is a maximal isotropic subbundle of T n.
Furthermore, it is closed under the higher-order Dorfman bracket (5) iff ω is closed.
Proof. For any n-plectic structure ω, we have
(X + ω♯(X), Y + ω♯(Y )) =
1
2
(iY iXω + iXiY ω) = 0.
which implies that Gω ⊂ TM ⊕ ∧nT ∗M is isotropic.
On the other hand, since ω is closed, we have
i[X,Y ]ω = LXiY ω − iY diXω, (13)
which yields that Gω is closed under the bracket operation {·, ·}.
Consider the deformed bracket (7), we have
Proposition 4.3. For an (n+1)-form ω, its graph Gω ⊂ T n is closed under the deformed bracket
(7) if and only if
dω +Θ = 0.
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Proof. It is straightforward to see that the graph of ω is closed under the deformed bracket
operation {·, ·}Θ is equivalent to that
i[X,Y ]ω = LXiY ω − iY diXω +Θ(X,Y ).
On the other hand, we have
i[X,Y ]ω = LXiY ω − iY LXω = LXiY ω − iY iXdω − iY diXω.
Thus, the graph of ω is closed under the deformed bracket (7) if and only if
iY iX(dω +Θ) = 0, ∀ X,Y ∈ X(M),
which is equivalent to that dω +Θ = 0.
By Proposition 2.8, we have
Corollary 4.4. If there is an (n + 1)-form ω such that its graph Gω ⊂ T n is closed under the
deformed bracket (7), then e−ω is an isomorphism from the Leibniz algebroid (T n, {·, ·}Θ, ρ) to the
Leibniz algebroid (T n, {·, ·}, ρ)
For an n-plectic manifold (M,ω), an (n − 1)-form ξ ∈ Ωn−1(M) is Hamiltonian if there is a
vector field Xξ such that
dξ = iXξω. (14)
We say Xξ is the Hamiltonian vector field corresponding to ξ. The set of Hamiltonian (n−1)-forms
and the set of Hamiltonian vector fields on (M,ω) are denoted as Ham(M) and XH(M).
In [3], Baez and Rogers generalize the Poisson bracket of functions in symplectic geometry to a
bracket of Hamiltonian (n−1)-forms in two ways. One is the so called hemi-bracket {·, ·}h defined
as follows:
{ξ, η}h = LXξη, ξ, η ∈ Ham(M). (15)
The other one is the so called semi-bracket {·, ·}s defined as follows:
{ξ, η}s = iXξ iXηω.
However, both of them are not Lie brackets. In particular, for 2-plectic structures, the author
obtained hemistrict Lie 2-algebras and semistrict Lie 2-algebras.
Lie 2-algebras are categorification of Lie algebras. The Jacobi identity is replaced by a nat-
ural isomorphism, called the Jacobiator, which also satisfies a certain law of its own. A good
introduction for this subject is [2].
Remark 4.5. Note that by (14), usually fξ is not a Hamiltonian (n − 1)-form even if ξ is a
Hamiltonian (n− 1)-form. Thus, Ham(M) is not the section space of a vector bundle.
In symplectic geometry and Poisson geometry, except the Poisson bracket of functions, one can
also define a bracket on 1-forms and obtain the cotangent bundle Lie algebroid. In the following,
we generalize this idea to the case of n-plectic geometry. For an n-plectic manifold (M,ω), not
all the (n − 1)-forms are Hamiltonian (n − 1)-forms. So there is no way to expect that we can
introduce a bracket on all the n-forms such that ∧nT ∗M is a Lie algebroid. However, this can be
done for a subbundle of ∧nT ∗M .
Definition 4.6. Let (M,ω) be an n-plectic manifold. α ∈ Ωn(M) is called an admissible n-form
if there is a vector field Xα ∈ X(M) such that α = iXαω.
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It is straightforward to see that ξ is a Hamiltonian (n− 1)-form iff dξ is an admissible n-form.
Obviously, if α is an admissible n-form, then fα is also an admissible n-form since we have
fα = fiXαω = ifXαω.
Therefore, the set of admissible n-forms is the section space of a subvector bundle of ∧nT ∗M ,
which we call the admissible bundle and denote by A. Since ω is nondegenerate, we obtain a
bundle map ω♮ : A −→ TM by
ω♮(α) = Xα α ∈ Γ(A). (16)
Define a skew-symmetric bracket operation [·, ·]ω on Γ(A) by setting
[α, β]ω = LXαβ − LXβα− diXα iXβω. (17)
It is not hard to deduce that
Lemma 4.7. With the above notations, for any admissible n-forms α, β, their bracket [α, β]ω is
again an admissible n-form. Moreover, we have
X[α,β]ω = [Xα, Xβ].
Thus, the bracket (17) is well defined.
Theorem 4.8. With the above notations, (A, [·, ·]ω , ω♮) is a Lie algebroid with the anchor ω♮, where
[·, ·]ω and ω♮ are given by (17) and (16) respectively.
Proof. By Lemma 4.7, we have
[[α, β]ω , γ]ω + c.p. = i[[Xα,Xβ ],Xγ ]+c.p.ω = 0,
which implies that [·, ·]ω is a Lie bracket. Furthermore, for any f ∈ C∞(M), we have
[α, fβ]ω = i[Xα,fXβ ]ω = fi[Xα,Xβ ]ω +Xα(f)iXβω
= f [α, β]ω +Xα(f)β
= f [α, β]ω + ω
♮(α)(f)β,
which implies that (A, [·, ·]ω , ω♮) is a Lie algebroid.
Remark 4.9. When n = 1, A is exactly the cotangent bundle T ∗M and we recover the cotangent
bundle Lie algebroid.
In the following, we consider the bracket of exact admissible n-forms. We will see how we
obtain the hemi-bracket (15) on Ham(M) from our Lie algebroid (A, [·, ·]ω , ω♯).
Let α = dξ, β = dη be two exact admissible n-forms, where ξ, η are (n − 1)-forms. Then we
have
[α, β]ω = [dξ, dη]ω = LXdξdη = dLXdξη. (18)
Thus, [dξ, dη]ω is again an exact admissible n-form. In this case we simply denote Xdξ by Xξ. It
is also the same as the Hamiltonian vector field of the Hamiltonian (n− 1)-form ξ. By (18), there
is an induced bracket {·, ·}ω of Hamiltonian (n− 1)-forms by setting
{ξ, η}ω = LXξη.
This is exactly the hemi-bracket (15) of Hamiltonian (n− 1)-forms. Obviously, we have
d{ξ, η}ω = [dξ, dη]ω .
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However, even though the bracket operation [·, ·]ω is skew-symmetric, {·, ·}ω may be not skew-
symmetric. The obstruction is given by an exact term, see [3] for more details. In particular, for
2-plectic structures, we obtain a hemistrict Lie 2-algebra of which the degree-0 part is Ham(M)
and the degree-1 part is C∞(M).
Remark 4.10. Rogers proved that one can associate a Lie n-algebra to an n-plectic structures [18].
It will be interesting to study whether one can associate L∞-algebras to Nambu-Poisson structures.
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